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1. INTRODUCTION 
This paper is mainly concerned with the study of steady flows of certain viscoelastic fluids for 
which the extra stress r is related to the velocity field by a differential constitutive quation of 
White-Metzner type 
The total stress is given by a = 
T = "r s + r p, (1.1) 
z 8 = 2~D,  (1.2) 
DTP 
r p + An- -~-  = 2~c¢D. (1.3) 
-p I  + T, p being the hydrodynamic pressure. The extra 
stress tensor T is decomposed into two parts T s and T p, where T s corresponds to a Newtonian 
part (for instance, a solvent) and T p to the purely elastic part (the polymer). D is the rate of 
deformation tensor, D(u) = (1/2)(Vu + (Vu)T), u being the velocity; H is the second invariant 
of the deformation tensor H = (1/2)tr(D2);  An and ~n are, respectively, the relaxation and 
viscosity functions which depend on the second invariant of the rate of deformation tensor (for 
example, see [1,2]); ~c~ >_ 0 is the retardation time; the symbol ~ is a frame indifferent ime 
derivative of a symmetric tensor ~-, 
DT 
/)---/ = e9 + (1 - s)~. (1.4) 
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The weighting factor ¢ satisfies 0 < ¢ < 1, is zero for the upper convected and one for the lower 
convected erivative, 
? = ~ + (Vu)Tr  + ~-Vu, 
= ~ - VuT - r (Vu)  T, 
COt 
= ~ + (u.V)r .  
The constitutive law (1.1)-(1.3) is coupled with the equations of conservation of momentum 
and of mass 
(ou ) 
p -~--~+(u.V)u +Vp=divT+f ,  
div u = 0, (incompressibility), 
(1.5) 
(1.6) 
where p > 0 is a constant density of mass and f some external given body forces. 
We write the system (1.1)-(1.6) which characterizes the flow in a more tractable fashion. For 
this we define dimensionless variables (see [3]), and the dimensionless version of system (1.1)-(1.6) 
takes the form 
div u = 0, (1.7) 
Re -~ + (u.V)u +Vp-  (1 -w)Au = d ivT+ f, (1.8) 
COT T 
CO---/ + (u.V)7" + 13(T, VU) + ~ = 2w#nD, (1.9) 
where T denotes the "polymeric" part of extra stress tensor; f~ is a nonlinear function which is 
by principle of objectivity 
~(~-, Vu) = 2¢ [D(u)T + rD(u)] - [(Vu)T + 7(Vu) T] ; (1.10) 
the specific form of/3 is not important for discussion and it could be replaced by other nonlinear 
combinations of Vu and T (See [2]); Re = pVH/~lo is the Reynolds numbers; We = "~(O)V/H the 
Weissenberg number, where V and H represent a typical velocity and a typical length the flow 
and ~/0 = ~(0) + ~o~; w = 1 - ~ is the retardation parameter, where ~" = r/o~/~?0; finally 
An ~n and #n = ~ = We = 
Equations (1.7)-(1.9) hold in a bounded omain ~t of R n, n = 2 or 3, and are complemented 
with initial conditions and with Dirichlet boundary conditions 
u = 0,  on  r = 0~.  (1 .11)  
We shall be interested in this paper in steady solutions (u, T) (with au = 0 and or = 0) of system 
(1.7)-(1.9) together with boundary conditions (1.11) when the retardation parameter 0 < w < 1. 
We shall show that, for sufficiently small data f and under suitable hypotheses on the relaxation 
and viscosity functions ~n and ~n, a solution of this system can be constructed by using an 
iteration scheme (due essentially to Renardy [4,5]) that alternates between solving a perturbed 
linearized Stokes equation and calculating the stress by integrating along streamline. We first 
show that all iterates are bounded and small in a certain norm, and we then show that the 
iteration converges in a weaker norm. 
Existence of Slow Steady Flows 241 
Throughout his paper, we shall use the following spaces: the Lebesgue spaces L2(~t) with 
norm I" [k, and L ~ with norm ]. Ioo; the Sobolev space Hk(~t), k = 1, 2 , . . . ,  with norm I1" Ilk; the 
vector spaces L2(fl) and Hk(fl) of vector or tensor valued functions with components in L2(~) 
and Hk(ft), respectively, their norms being denoted in the same way as above. 
Finally, we assume that the relaxation and viscosity functions are smooth (at least of class C 2) 
and satisfy the following hypotheses: 
(H-I) A(x) > 0, Vx 6 R +, 
(H-2) ~(0) > 0. 
Those assumptions are satisfied by most of the models; for examples, note the following. 
(i) The model used by Darby and Gaidos [1]: 
~l-I =.X (7 
[1 + 4¢(1 - ¢)AeH] •' 
= (70 - T4- : 
O_<fl_<l, 
O<c~<l .  
This model includes many of the classical constitutive equations as special cases (see [3]). 
(ii) The Carreau-Yasuda l w: 
= ,o  [1 + (n -1) /2°  , 
where n and a are characteristics of each fluid. 
For other models, see [2]. 
2. THE CASE OF MAXWELL  FLUID (w = 1) 
Following Renardy [4], we first take the divergence operator of the both sides in equation (1.9), 
or = 0). This yields (with w = 1, ~-y 
[ 1] 
(u -V)+~ d ivT+¢vAu- (1 -a )T :02u+G(u ,T )=#0Au+2div (g( I I )D(u) ) ,  (2.1) 
where 
g( I I )  = ~tn - go ,  
! 
G(u, T) = 2¢ [D(u) div T + VTD(u)] - A___nn TVYI + cV ((Vu) T) 7 - Vu div T. 
(2 .2)  
Here we use the following notation: 
02 
r : 02U = ~ OX3OXk r3k, 
j,k 
OAij 
(~TA B)~ = E -~xk SJ k' 
j,k 
where A and B are two matrices. 
Next, we substitute 
div r = Re (u. V)u + Vp - f 
from (1.8) (with o= = 0, w = 1) and use (2.12). This yields 
#oAu + (1 -  ¢)T : O2U - STAu = G(u, 7) + ~Y(L [ulP) + F(u,p) - £ [u] f , (2.3) 
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where 
1 
£ b] = (u" V) + ~,  (2.4) 
F(u,p) = Re£ [u] (u. V)u - (Vu)TVp +p~vn - 2div(g(H)D(u)). (2.5) 
Equation (2.3) is the basis for the Stokes part of the iteration scheme. On the right-hand side 
of (2.3), a "modified pressure q := £[u]p" appears. 
Since we are interested in small solutions, we can take zero as a starting value for the iteration, 
and the complete description of the iteration is as follows: 
u ° = 0, p0 = q0 = 0, r ° = 0, (2.6) 
]20mu n+l -- Vq "+~ + (1 - e)T ~ : 02u n+l - £rnAu n+l  = G(u n, T n) + F(un,p n) - f. [u n] f 
fa (2.7) divu '~+1 = 0, u n+l = 0, on 0f~, qn+l = 0, 
tQ [U n+l] pn+l  = an+l ,  (2.8) 
[U n+l] Tn+l-~ - ~(T n+l, VU n+l) = 2#n.+, D (un+l). (2.9) 
Since streamlines do not cross the boundary, no boundary conditions are required for (2.8),(2.9). 
We can state the following lemmas in order to show that all iterates remain small. 
LEMMA 2.1. Assume that A satisfies hypothesis (H-l) and u 6 H3(f~), then there exist positive 
constants m, M such that 
m<_AH<_M 
and 
PROOF. By the Sobolev embedding theorem, we show that II 6 L°°(f~). And from (H-l), we 
deduce the result. 
LEMMA 2.2. The operator £[u] is a bijection L2(f~) --* L2(f~) and there exists a constant C = 
C(~, A) such that 
IlL [u]/111 -< v [11/111 (1 + Ilul12 Ilul13) + II/11~ Iluh], 
where u ~ H3(f~) and f 6 H2(f~). 
PROOF. The invertibility follows from the Lax-Milgram theorem. And by the Sobolev embedding 
theorem we deduce the inequality. 
By differentiating the equation £[u]v = w, we can show that, if u and its derivatives are small, 
then £[u] belongs to £ (H  1) (see [6,7]). 
The following lemma is immediate from the invertibility of the Stokes operator. 
LEMMA 2.3. Assume that -A and ~ satisfy (H-l) and (H-2) and let f 6 H2(~). Then there exist 
positive constants el, e2 such that the following holds: if [fun[f3 < 81 and []Tn[[2 <_ e2, then 
equation (2.7) has a unique solution (un+l,q n+x) E N3(f~) x H2(f~). This solution obeys an 
estimate of the form: 
{ iluorl  [1 + iru jl3 + lluoll  iluojl3] + ii oll  ilpoll  
[lunq-ll[ 3 -I-Ilqn+lll 2 < C---!l -[- [[un[[~ [I + [[u~[[~] [[[P~[12 + [[u'~[[3] I (2.10) 
- .0 + Ilu~l12 [llfl12 + Ilu"l}3 II/llj + II/111 ' 
Itrnll2 Ilu~l13 [1 + Ilu"l13 + Ilu~ll~] + 
where C1 = C1 (f~, A, Re). 
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PROOF. Equation (2.7) is simply a perturbation of the Stokes problem (see [8-10]), and we find 
that, as long as [ITn[]2 is sufficiently small, an estimate of the form (see [7,10]) 
]]un+l[i 3+ []qn+l[[ 2 < Co {[[F(un,pn)[ll + HG(Un, Tn)II1 + []/2 [un] fl]l}" (2.11) 
#0 
From the lemmas above and from the estimate (2.11), we deduce the result. 
The following lemma concerns the solvability of equations (2.8),(2.9). 
LEMMA 2.4. Assume that A and ~ satisfy (H-l) and (H-2). Then there exists some ~a > 0 such 
that, for Ilun+l[[3 _< ~3, divu n+l = 0, u"+l/F = 0, the unique solution p,~+l of (2.8) and T ~+1 
of (2.9) obeys an estimate of the form: 
[[pn+l[I 2 _< C2 [[qn+l[[ 2, (2.12) 
__ un+l 2 ][un+1[[43] (2.13) ]lTn+X[] 2 <: C 3 ][un+'][ 3 [1 + ][ [l~ + ' 
where 6'2 = C2(a,A), C3 ~-- C3(a,A,~ ). 
PROOF. Equation (2.8) is solved by integration along the characteristic streamlines (see [2,11]). 
By differentiating (2.8), we can obtain estimates for higher derivatives which lead to the esti- 
mate (2.12). 
Equation (2.9) can be regarded as a perturbation of: 
Tn+ 1 
(U n+l" V) T n+l + AH.+------" ~ = 2#n-+lD (un+'). (2.14) 
Equation (2.14) is solved by the method of characteristics. Let y(s, x) be defined as the solution 




y(0, x) = x, 
y exists because [[Vu "+I [[LO~ is sufficiently small. Then equation (2.14) becomes 
d Tn+l 
- Tn+I(Y(S'X)) + An.+, (y(s,x)) = 2#n.+,D(u "+1) (y(s,x)). 
Multiplying the result by exp(-  fo dr~An.+, (y(r, x))), one has 
d [7n+l(y(s,x))exp(_~ s dr 
ds An.+, (y(r,x) ) ] 
(/o ) = 2#n.+iD (lt n-{-1) (y(s,x))exp - An.+,(y(r,x)) 
by integrating on [0, t], one gets 
7n+l(x) _ Tn+l(y(t,x))exp (_ fO t dr x))) 
t dr 
=/o [(2;lIl"+lD(un+l)(Y(S'x)))exp(-~tArl-+,--~(r,x)))] ds" 
From Lemma 2.1, we deduce that 




8 dr  
Finally, from an analogous calculation (see [11]), we can prove that 
un+l 8 1 [[Tn÷l[[ ~ < C [[itn÷l[[ ~ [1 + t[un÷l[[~ t. [I ][3] 
2M 
+ j, o+l,l  [Nuo+l,l  ÷ H o+,H] ÷ 
This proves (2.13) because Itun+llla is sufficiently small. 
LEMMA 2.5. I[ ll/112 is sufficiently small, then [lu~lla, [[qn[[2, and 11r~]12 have small bounds 
independent of n. 
PROOF. By combining (2.10), (2.12), and (2.13), we can show that [[un[[3, [[qn[[2, [[pn[[2, and 
[[T'~[[2 remain uniformly small if ][f[[~ is small enough. 
We shall prove convergence in a norm with the Sobolev index decreased by one. 
LEMMA 2.6. We assume that A and ~ satisfy the hypotheses (H-l) and (H-2) and let [[f[[2 be 
sufficiently small. Then there is a constant 3' << 1 such that 
]l ?A'~+I - ?A~II~ ÷ [lq n+l ~ qn[ll < ~' [II un - u~-l[12 + Jlq~ - q~-~l{1] • (2.16) 
PROOF. From (2.8), we obtain 
((?An÷l _ un) , V) pn÷l _~ (?An. V) (pn+l _ pn) 
1 (p~+l ( 1 
+ -~n~ _ pn ) + pn ArL-+ 1 
1 ~ :qn+l- -qn.  
An~ / 
From this and Lemma 2.5, we deduce that, for some constant C4, we have 
llp n÷1 - p~lll -~ c4 [II u~+1 - u~ll~ ÷ [[q~+l- q~ll~] • (2.17) 
In the same way, we deduce from (2.9) that 
l]r n+1 - Trill1 < Cs II?A "+I - ?A"II~" (2.18) 
Next, we subtract (2.7) at stage (n + 1) from (2.7) at stage n. 
First, we show that there is a constant C such that, for any w E Hl(f~), we have 
[(L [?An1 - ~ Fun-l]) wl _~ c llwlh {1 + llunll3 ÷ llun,lll3} llun - ?An-ill ~. (2.19) 
Finally, by using Lemma 2.5 and the estimates (2.17)-(2.19), we obtain the lemma. (For the 
details of the calculation, see [11].) 
Thus we have proved the following theorem. 
THEOREM 2.1. Assume that A and ~ satisfy (H-l) and (H-2) and let [[f[[2 be sufficiently small. 
Then there exists a steady solution u E H3(~)), p E H 2, r E H2(~) associate to the system 
(1.7)-(1.9) obtained by the iteration procedure (2.6)-(2.9). 
PROOF. From (2.16)-(2.18), we deduce that (Un,T n, pn) converges in H 2 x ]HI 1 x H 1. Finally, 
it remains to prove that the limit (u, r,p) obtained from the iteration will satisfy the original 
problem. 
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From Lemma 2.5, we deduce that (u, T,p) E H 3 × H 2 × H 2. And it is easy to prove that (u, T,p) 
satisfies the following system: 
#oAU - Vq + (1 - ~)T : 02U -- ~ 'Au  = G(u, r) + F(u,p) - £ [u] f, 
u=0,  u=0,  on0~,  J~q=0,  
(12.20) 
div 
E [u] p = q, (2.21) 
E [u] r + ~(T, Vu) = 2#riD(u). (2.22) 
By applying the divergence operator to equation (2.22), we deduce that 
div7 = E [u] -1 {#0Au + 2div(g(H)D(u)) - G(u,~-) + (1 - ¢)T: 02u - cTAu} 
and from (2.20) we have 
divT £ [u] -1 {2div(g(H)D(u)) + Vq + f (u ,p )  - £ [u] f} .  (2.23) 
Next, we take the gradient of (2.21), and we obtain 
t 
An 
Vq = (Vu)TVp + £ [u] Vp - p~Vn.  (2.24) 
From (2.23), 2.24), and (2.5), we deduce that 
div T = --f + Re(u.~')u + Vp, 
which achieves the proof of Theorem 2.1. (For a detailed proof, see [11].) 
3. THE CASE OF  JEFFREYS (w 1) 
Let us now consider the same problem for Jeffreys-type model. 
From (2.12), we deduce 
div T = £ [U]-' {#0WAU + 2W div(g(II)D(u)) - G(u, T) + (1 -- ¢)T: ~2 _ ~TAU}. (3.1) 
We insert (3.25) into (1.8) (with ou _ 0) to find 
Re(u. V)u + Vp - (1 - w)Au = #owe [u] -1 Au 
+ E [u] -1 {2wdiv(g(H)D(u)) - G(u,T) + (1 - ¢)T: 02u -- cvAu} + f. 
In the situation of Section 2, we would define 
L [u] = (1 - w)I + ,0wE [u] -1 , (3.2) 
SO 
Re(u. V)u + Vp = L [u] Au 
+ £ [u]-' {2wdiv(g( I I )D(u) ) -  G(U,T)+ (1 - -e) r :  02u-  e~'Au} + f. 
(3.3) 
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LEMMA 3.1. The operator L[u] is a bijection L2(~'/) ---* L2(~). 
PROOF. From (H-l), we deduce that (£[u]-lv, v) >_ 0 for v E L 2. 
Hence (L[u]v, v) > (1 -w)lvl 2, and the invertibility follows from the Lax-Milgram theorem. 
We obtain a Stokes-like problem by applying L[u] -1 to equation (3.3): 
L [u]-' Re(u. V)u + L [u]-' Vp = Au + L [u] -1 £ [u] -1 {2wdiv(g(H)D(u)) 
(3.4) 
- G(u,T) + (1 --e)T: 02U--eTAU} +L[u] - l f .  
We set q := L[u]-lp. It is easy from the definition of q to show that 
[u] qVn . 
From (3.4), (3.5), and (1.9), we deduce the following iteration scheme: 
(3.5) 
u ° = 0, q0 = 0, T O = 0, (3.6) 
Au n+l -- Vq n+l = L [un] -1 [Re(u n. V)u n - f] 
-n  - '  -1  I (1  -  )Tn: n - 
+ 2w div(g(IIn)D(un)) - G(u n, T n) 
-} -#OW(Vun)Tv( f f _ , [un] - 'q ) - -  )'~---~ - [u~]-' q~ VI-I~ } #ow A~. £ 
un+l  
div u ~+1 = 0, - 0, 
P 
(U n-}-I • V )  T n+l +/~(T n-b1, VU n+l) "~ - -  -- 
~ qn+l = 0, (3.8) 
Tn+l 
Ann - 2wpn.D (un+l )  . (3.9) 
We can now proceed as in Section 2 to establish the convergence of the iteration scheme (3.6)- 
(3.9). 
REMARKS. 
• We can consider the problem (1.7)-(1.9) with the boundary condition 
v = v0, on 0n, 
where v0 is small and parallel to 012 (i.e., we avoid the presence of inflow boundaries). 
* If there is an inflow boundary, then the stresses in the fluid depend on what happened 
before the fluid entered the domain. Information about this must be contained in the 
boundary conditions; see [10]. 
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